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Retarded Boson—Fermion interaction in atomic systems

SAMBHU N DATTA

Department of Chemistry, Indian Institute of Technology — Bombay, Powai, Mumbai 400 076

e-mail: sndatta@chem.iitb.ac.in

MS received 8 June 2007; revised 27 July 2007

Abstract.

The retarded interaction between an electron and a spin-0 nucleus, that has been derived

from electro—dynamical perturbation theory is discussed here. A brief account of the derivation is given.
The retarded form is correct through order v?/c. Use of the relative coordinates leads to an effective one-
electron operator that can be used through all orders of perturbation theory. A few unitary transforma-
tions give rise to the interaction that is valid in the non-relativistic limit.
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1. Introduction

Recently, we investigated the relativistic dynamics of
the electron(s) and a spin-1/2 nucleus in an atom in
the presence of a uniform magnetic field.** We used
the projected form of the electron—nuclear retarded
interaction from quantum electro-dynamics* and derived
a relativistic Hamiltonian Hy,rm for phenomenology.

The nuclei of different elements, however, can
have different spins. In particular, many important
atoms such as C'? and O™ have spin-0 nuclei that ef-
fectively act as bosons. It is always possible to ques-
tion the validity of the traditional Hamiltonian operator
for an atom with a spin-0 nucleus. One normally con-
siders only the Coulomb interaction between the nu-
cleus and the electrons. In ref. 5 we have explicitly
derived, from quantum electro—dynamics (QED), the
retarded interaction between one Dirac particle and
one Klein—Gordon particle in the absence of a mag-
netic field. The aim of this paper is to report this de-
velopment in simpler terms.

The importance of this progress is as follows. In
our previous work, the two spin-1/2 particle treat-
ment! was generalized to the case of an all-spin-1/2-
fermion atom in ref. 3. Similarly, the treatment in
ref. 5 can be generalized to the case of a neutral
many-electron atom with a spin-0 nucleus (or a
molecule with spin-0 and spin-1/2 nuclei).

The QED Hamiltonian is written down, and it is
shown in §2 how an effective Hamiltonian operator
can be obtained for a phenomenological treatment
from the QED perturbation theory. The retardation
effect arises from the finite speed of light, and the
fact that a virtual photon is always in transit. By
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separating the center of mass motion, a wave equa-
tion that looks like the effective equation for only one
spin-1/2 fermion is derived in 83. The retardation ef-
fect can now be calculated to all orders. Separation of
the positive-energy part of the wave equation is
achieved by a set of unitary transformations in 84,
from which the non-relativistic limit is easily ob-
tained. A few important points are discussed in §5.

2. To the phenomenological Hamiltonian

We take the first particle as a Dirac fermion and the
second one as a Klein-Gordon boson. What we have in
mind is an atom made up from one electron and a spin-
0 nucleus. The corresponding relativistic Hamiltonian
operators are

e
h, () = caymy + fymyc? —?1/10 (r), (1)

that is, the Dirac Hamiltonian (for the electron), and
2

v .
heo(2) = 2mz (73 +n'22)+m2022'23, 2

2

the Klein—-Gordon Hamiltonian (for the nucleus), both
being valid for wave equations that are first-order in
time. The mechanical momentum operators are writ-
ten as

7T, =P; _%A(ri)l

fori =1, 2. The 7;’s are the Pauli spin matrices.
It is possible to combine the two corresponding
wave equations in terms of independent time vari-
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ables in a covariant formalism. Thereafter, the ap-
plication of an equal time constraint leads to the
Hamiltonian in coordinate representation, H = hp
(r1) + hgg(r,).° Furthermore, Ao(r1) may be viewed
as arising from the presence of the second particle.’
The last step, of course, spoils the covariance, but
gives rise to a meaningful Hamiltonian for pheno-
menology.

The corresponding operator of field theory can be
written as

H=H"+H'. 3)

The zeroth order operator includes the field-free
terms, the radiation Hamiltonian, Coulomb interac-
tion, and for the sake of convenience, the diamag-
netic interaction:

HO:(Hg+HC)+(HIgG+HKG2,int)+Hrad' (4)

The perturbation consists of only the paramagnetic
interaction terms,

’

H = Hpin + H gorint- ©)

The paramagnetic interaction terms that are linear in
vector potential start contributing at the second order
in perturbation theory. The diamagnetic term contrib-
utes to all orders including the first order. The effect
of the diamagnetic contribution is mainly a self-
energy correction, and after a re-normalization pro-
cedure leaves only the higher-level corrections to
energy. The paramagnetic and diamagnetic terms
start contributing together only from the third order
with results at order v*/c*.

In the absence of any other external (electric or
magnetic) field, the various operators involved above
are given by

~

HY = [d% y' () ) (x) p(r),

2 3 3 [’O(r ),50 (ry)

H. = elez‘[d rlj.d r, PR LIKGR 27
r, =1y

A e 2
Hpw= =2 [d°r 5 0)A@),

Y = [d°r ¢ (0)z,5h3(r) 4(x),
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N e -
H it = _?2 Idgrj,gc(r)-A(r,t),

2
e
H Goint = Zm;_z jdsr :¢T(r)

(r55 +i75)@(r) : Alr,1)*, (6)

and
~ 1 o 1
H.,,= =) |N +=|ho, .
rad V%;( kA 2) k
Here, J(fm is the number operator for photons with
wave vector k and polarization A, N,, =4, 4.,

and the field-theoretical density and current opera-
tors are as follows:

AOE) =1y (M) (),

P () =0T (7,6(r) ",

HOELRACIAZOR (7)
and
jl%G(r): L [:¢T(r)123(123+i122)p2¢(r):

m,
+:(p, ¢(r))T (723 —iT5)76(r):].

The field operators y and ¢ are defined in the free
particle picture. The vector potential is written as

1 i(k-r-o
ﬁZ(Auﬂe (lor=ent)
kA

+ A rex eI Tmed)) (8)

A(r,7) =

where Q is the volume. Using these expressions, the op-
erators H ;. and H ., can be explicitly written as

Hpin = —elzderZZ I//T(rl)
KA

i(kery—oyt) —i(kery—wt)

Tim A

Jo

A oA y(r,):

9)
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and
. e '
H gorim = ‘m—ZCZIdSFz L9 (1) 755725 i)
2€
ei(k"’z‘(ﬂk’) ; e—i(k-rz—wkt) .
x| Ay, N + Ay, o (P, 0(ry)):
(10)

while one adopts 4 = A*. Furthermore, the transverse
gauge (k-4 = 0) is chosen for the subsequent calcula-
tions.

The first order contribution to energy vanishes.
The second order contribution is found from the D-
KG1 and KG1-D interactions, that is,

<'//i(0); KL |HDint |'//;50); N
(O)'N' |HKG1|nt|l//z Nyp»

-y 3 3

: E® - E” —ck(Ny, - Ny,)
(n{N" })¢(t {N})

X

<‘/"(O)'ka | Hyint |l//750);Nl’(/1>

"N | Ho o [ 7 Ny )
+Z Z Z (0) Ek?o _Dmt k/l

ck(Ny;, - Nu)
(n {N})¢(I AN

(11)

The D-D and KG1-KG1 contributions give the self-
energy for the Dirac and the Klein—-Gordon particles
respectively. These can be removed by a re-nor-
malization technique.

Using the relations and identities

Zaupﬂzal-pz—al-f(pz-f(, (12)

7

e’kral k——ial-(Ve'k'), (13)

~ kP 1

P> :_?Pz’(vkpja (14)

and
a o, F r-
a, (Vip,) = 1rP2 1 - P2' (15)
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the second order contribution to energy can be brought
to a simple form using which one can write the ef-
fective QED Hamiltonian operator

I:Ieff =H+ I:Iz()z,)1<cl+1:11(<zc)1,p)- (16)
The additional part in the effective QED Hamilto-
nian operator is given by

7 (2) 2 _ elez
HD,KG1+HKG1 D —

J.d r d%r, iy ()

[:¢T(r2)><71.(0‘1 Py +T-Q, T-p,)

7T3(T o5 +i72)@(r,) 1w (ry): (17)
where we have used the relative coordinate r = r; —r.
The vector r is the unit vector in the direction of r.
The effective operator is correct through order v?/c?.
A comparison with (11) and the calculations that
followed reveal that the additional interaction arises
from the emission of a virtual photon from one of
the particles and its subsequent absorption by the
other particle, while the virtual photon has the finite
speed c.

The first-order Klein—Gordon wave function is
normalized as

[ w @ )ry &) =1, (18)
Therefore, the QED Hamiltonian correct through or-
der (v¥/c?) can be written as

Hreduced :Idsrl_[dsrz :l//T(rl)

{:¢T(r2)123><{hg(1)+h 2)+ 132+H533}¢(r2):}

wr,) +H s, + H g (19)

This shows that the effective phenomenological
Hamiltonian is

ee
He(%f) =hp W75+ Tzshzgc (2)+ l72723 + Hr(elt (20)

where the retarded part of interaction is given by

1) ee, 1 "o )
Hr(et =—— 2oy p, + Ty B, (T +iTy).
2my,cr

(21)



354

These operators correspond to the first-order Klein—
Gordon wave function y(r,) that is a two-
component column vector.

The normalized first-order Klein—-Gordon wave
function l// (rz) is related to the second-order func-
tion by

myc

1/2
@ 2
l//p2 (rZ) Vl// ( ) [4H20(2)]

1 2
(7o + Tzs){ngG (2)/m,e JV/EJZ)( 2)- (22)

The Hamiltonian for the more familiar Klein—-Gordon
equation that is second-order in time is written as
HI%G (m ct+e Pz)llz (23)
We find 7'z,5/ = 1 consistent with the same density
condition, D g = DTy Also, Ve, =0
and V'V =(H2.2+mic*)2myc?HY, such that
HE =v'HEV . It now needs only a few steps of
calculation to find the effective phenomenological
Hamiltonian for the usage of the second-order
Klein—Gordon picture,
) JrH(z)

He(fzf) = ho @+ Tstgc (2 +—= ret (24)

The matrix 3 accounts for positive as well as nega-
tive-energy states of the nucleus. Moreover, the re-
tardation term now appears to be simpler, that is,

H® — eleZ

ret

=[a;,-py+7-a; T-p,]. (25)

2m2c

It is similar to the Breit interaction that is valid for
two spin-1/2 particles,” as if one has replaced a; in
the Breit operator by p./m,c for an one-component
treatment of the second fermion. However, H ) is
for a fermion—boson system. For a two spin-0 boson
system, if one carries out a treatment that is similar
to that described above, one would obtain a pi/m—pa/m,
interaction. This indicates that the retarded parts of
the electro-dynamical interaction for all three types
of two-particle systems (two-fermion, boson—fermion
and two spin-zero bosons) are basically equivalent
to each other as these arise from the fundamental
mechanics that a virtual photon of finite speed c is
exchanged between the two particles.
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3. Phenomenological Hamiltonian in relative
coordinates

It is usual to describe a two-particle system in rela-
tive coordinates. This is so as the internal energetics
that manipulates itself in terms of spectral features
remains invariant in inertial frames. The center of
mass motion reveals itself only in the form of a Doppler
shift of the invariant spectrum.

The center of mass coordinates are defined by
Rem = (mary + mory)/(my + my) corresponding to the
center of mass momentum operator P¢, = (p1 + p2)
that commutes with both #§) and HZ. Another
effective Hamiltonian can be obtained by replacing
Penin H éfg and H e(fzf by its eigenvalue P.n,. The rela-
tive coordinates r has been defined earlier, and the
corresponding relative momentum operator is p =
(mop1 — mip2)/(m1 + my). The relative motion is ob-
tained from the condition P, = 0. A consequence of
this condition is that p; and p, appearing in the ef-
fective Hamiltonians # &) and H? are to be replaced
by p and —p, respectively. In particular, we get
ee, 1

HE =+ “[a,-p+r-a r-p].
2myc r

(26)
Retaining only the normal (positive-energy) sector
of the Klein—Gordon particle in (24), one obtains an
effective Hamiltonian for the single spin-1/2 entity,

2 2 4, 2 212
Hy = (cay-p+mc”f) + (myc” +c“p°)

+a% , 4% l[al-p+f‘-ozl r-pl.
ro 2myer

(@7)

Both the operators %o, and H 2 can have positive as
well as negative energy eigenvalues. Therefore, use
of the effective Hamiltonian H§) (or H$3)) by treat-
ing the operator /) (or H@) from (21) [or (25)] as a
perturbation will lead to what is known as the con-
tinuum dissolution or the infinite degeneracy prob-
lem at second and higher orders. It becomes
imperative that the effect of these retardation terms
must be evaluated in any of the two ways: (i) by
treating these interactions in a projected form, or (ii)
by evaluating only the first-order correction to energy.
The situation changes drastically when one uses the
single spin-1/2 effective Hamiltonian given by (27).
The interaction H @ in (26) just modifies of the
Coulomb potential that now appears in (27) as an
external potential, and it can be used through all or-
ders in perturbation theory or in a self-consistent-
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field calculation as the equation involved is effec-
tively for a single particle. The infinite degeneracy
is no longer possible since only the normal sector of
the bosonic Hamiltonian has been retained. However,
H® contains retardation effects of order (v¥/c?)

only, and the calculated effect of retardation will be
correct only through this order.

4. To the non-relativistic limit

Chemistry is basically a subject dealing with inter-
actions in the electro-magnetic regime. Most of the
chemical systems are weakly relativistic, and most
of the chemical effects are in the non-relativistic
limit with only a few exceptions. X-ray spectroscopy
is one such deviation. The nuclear spin magnetic
moment, that gives rise to NMR, is another. The re-
tarded interaction is of order v?/c?>. Moreover, it con-
tains one nuclear mass in the denominator instead of
one electron mass, thus being much smaller than the
so-called external potential (electron—nuclear Cou-
lombic interaction). The effect of the electron—
nuclear retarded interaction would be small, but
nevertheless visible because of the advances in
atomic spectroscopy during the last few decades. It
is, therefore, natural to inspect this effect in the non-
relativistic limit.

The effective Hamiltonian He has the Klein-
Gordon component in an explicitly separated form,
and one needs to separate only the positive-mass and
negative-mass components of the Dirac particle.
This is to be achieved by removing the odd operator
oy by a series of unitary transformations. We use
three successive unitary operators,

U® =cosy, + L2 Pising, (28)
1
where
& =la;-p;|and n, ___tan [ &1 ]
2 myc
wt = exp{——mfls oy El} (29)
4dm;c

where

1
E,=-—(ViR,)
€
and
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W@ =exp {— (30)

1
o]
s

where R, and R, stand for the even and odd parts of
the retarded interaction, respectively. Use of these
three unitary transformations yields the Hamiltonian

_WZ) W(l) U(l He( U W(l)W(Z)

= ﬁlHIO(G @ + Tstzc (2 +ﬁ

elezh r
Ul'r—gxpl

_ mese,h 5 (r)
2mic? 4mfc

ee r 1
—2 ﬂll: hal'r_gxpz +;P1‘p2

2mym e’

H.(Lg.pzj.pl}o@?’/cs), (31)

that is in a separated form through order v?/c?. The
last term (that contains a sum within a square bracket)
arises from the retardation of interaction.

The non-relativistic limit is obtained from He, by
substituting unity for 4. The Hamiltonian in the
non-relativistic limit can be written as

Hnonrel (ml + mz)c + HSch + Hrel + Hcorr . (32)

For a neutral system, e; = — e, = ¢, and one finds

2 2
p° e
HSch=2___’
u or
4 2 o2
_ . p ze’h? r
H_ ,=— + o8 ——8S. - —xp,
rel 8#302 2m12(22 () ,u 6‘2 1 }"3 p
3p* e |1 r
Hcorr: P > |: p +r( g,p]p:|
8mymyuc®  2mymyc? r
2
e r
211’12 2 Sl r_3xp (33)

where g is the reduced mass. Out of these, the retar-
dation contribution is
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2

e 1 r- r
——{—pz +r(—3pj.p—251«r—3><p] (34)

2
2mym,c” | ¥ r

The rest account for (i) the Kinetic energy and ki-
netic energy corrections for the electron and the nucleus,
(ii) the Coulomb energy of interaction between the
two particles, and (iii) the Darwin energy and the
spin-orbit interaction energy only for the electron.
This sums up the non-relativistic limit for the dynam-
ics of individual particles and their non-retarded in-
teraction.

5. Discussion

When the system is placed in a non-zero uniform
magnetic field, the total pseudo-momentum com-
mutes with the effective Hamiltonian. The components
of the total pseudo-momentum, however, commute
with each other only when the total charge is zero.
Therefore, the relative motion can be precisely de-
fined only for a neutral atom when it is placed in an
external magnetic field.

The Hamiltonian Hyonre is essentially the same as
the non-relativistic limit Hamiltonian for two fer-
mions. It is almost identical with that given by (64)
of ref. 1 for zero magnetic field (B = 0), and (17) of
ref. 8 in the absence of intrinsic magnetic moments
(111 =0, 1, =0) and nuclear spin (/=0). The only
difference is the absence of the Darwin term and the
spin-orbit coupling for the second particle at order
(v*/¢?), which is normal for a spin-0 boson.

The leading terms in retardation corrections to en-
ergy are of order (m./m,)c?Z*(o?m.c*) where « is the
fine structure constant and Z is the atomic number.
As (m,ZIm,) < 1 where m, is the proton mass for all
atoms except H*, the ratio of the retardation correc-
tion to the orbital energy is at most of order
2:97% x 107 in atomic units. The calculation of re-
tardation correction becomes meaningless for mole-

Sambhu N Datta

cules unless the orbital energy is calculated correctly
through 8 digits. Numerical calculations on atoms
can generate results near the Dirac—Fock limit.°
Analytical calculations can also do it, but they re-
quire a very large basis set.'>* The retardation ef-
fects will be important for the finer features of an
atomic system such as Lamb shift that starts at order
7 (Pm.c?). This has been discussed in detail for a
one-electron ion in ref. 5.
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